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Abstract

This paper assumes a robust, in general not dominated, probabilistic framework and pro-
vides necessary and sufficient conditions for a bipolar representation of subsets of the set of
all quasi-sure equivalence classes of non-negative random variables without any further condi-
tions on the underlying measure space. This generalises and unifies existing bipolar theorems
proved under stronger assumptions on the robust framework. Applications are in areas of
robust financial modeling which we discuss throughout the paper.
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1 Introduction

The well-known bipolar theorem proved in Brannath and Schachermayer [11] provides necessary
and sufficient conditions for the existence of a bipolar representation of a set C C L% 4 by means
of elements of L% itself, see Theorem 3.1. Here L}, := L% (Q, F, P) denotes the positive cone
of L°(2, F, P) which is endowed with the topology induced by convergence in probability, and
(Q, F, P) is a probability space. An important application of this result is the dual characterisation
of solutions to utility maximisation problems, see [25, 26]. [11] shows that C allows a bipolar
representation in LY 4 if and only if C is convex, solid, and closed in probability. The aim of this
paper is to generalise this result to a so-called robust framework, where the probability measure
P is replaced by a family of probability measures P which is not necessarily dominated. Such
extensions have already been studied in, e.g., [6, 22, 28] where sufficient conditions for a bipolar
representation in very particular robust frameworks are given.

In this paper, without further assumptions on the underlying measure space, we provide necessary
and sufficient conditions for a bipolar representation of C C L? . where c is the upper probability
induced by the set of probability measures P and LY . denotes the robust counterpart of LY 4 As
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a byproduct we obtain a common framework for and unify the bipolar results of [6, 11, 22, 28].
Of course, convexity and solidity of C are necessary conditions for a bipolar representation also
in robust frameworks. A key observation, however, is the necessity of P-sensitivity of C, see
Definition 2.6 and [14, 29]. This property, which is trivially satisfied in the classical dominated case,
allows to lift bipolar theorems known within a dominated framework to the robust model space, see
Sections 3.1, 3.2, and 6. We will show that P-sensitivity is equivalent to the aggregation-property
known from robust statistics, see, e.g., [35], or robust stochastic (financial) models, see, e.g., [34].
The list of necessary conditions for a bipolar representation must obviously also include some
kind of closedness of C. In this respect it turns out that, in contrast to dominated models where
closedness with respect to convergence in probability under the dominating probability measure
is the canonical choice, in the non-dominated case there are a variety of notions of closedness
which offer themselves as necessary and reasonable requirements depending on the point of view
on the problem. All of them may be seen as robust generalisations of closedness with respect to
convergence in probability in case of a solid set C. A main contribution of this paper is to relate
the underlying notions of convergence on L and thus the different closedness properties to each
other, see Section 4. Eventually we identify sequential order closedness with respect to the quasi-
sure order as the appropriate equivalent of a number of notions of closedness for solid sets which
are necessary, and in fact sufficient in combination with the other properties mentioned above,
for a bipolar representation of C. Versions of the bipolar theorem for different dual sets are then
provided in Section 6. The different dual sets comprise combinations of probability measures and
test functions or simply the set of finite measures. In Section 7 we collect several applications of
the bipolar representations given in Section 6. In particular we show how our results generalise the
bipolar theorems of [6, 22, 28]. Moreover, we sketch applications to mathematical finance which
are part of ongoing research, and finally we provide a mass transport type duality adopted from
[6].

2 Preliminaries and Notation

2.1 Basics

Throughout this paper (Q, F) denotes an arbitrary measurable space. By ca we denote the real
vector space of all countably additive finite variation set functions p: F — R, and by cay its
positive elements (u € car < V A € F: pu(A) > 0), that is all finite measures on (2, F). Given
non-empty subsets & and J of cay, we say that J dominates & (& < 7J) if for all N € F satisfying
sup, ey ¥(N) = 0, we have sup,ce (V) = 0. & and J are equivalent (& ~ J) if & < Jand J < &.
For the sake of brevity, for u € cay we shall write & < u, p < J, and p = & instead of & < {u},
{pn} < 73, and {u} ~ &, respectively.

PB(Q) C cay denotes the set of probability measures on (€2, F) and the letters P and Q are used
to denote non-empty subsets of (). Fix such a set P. We then write ¢ for the induced upper
probability ¢: F — [0, 1] defined by

¢(A) := sup P(A)
Pep

for A€ F. An event A € F is called P-polar if ¢(A) = 0. A property holds P-quasi surely (q.s.)
if it holds outside a P-polar event. We set ca. := {u € ca | p € P}, cacy = cay N ca., and



Be(Q) := P(Q) N cae.

Consider the R-vector space L0 := L°(£2, F) of all real-valued random variables f:  — R as well
as its subspace N := {f € L% | ¢(|f| > 0) = 0}. The quotient space LY := LO/N consists of
equivalence classes X of random variables up to P-q.s. equality comprising representatives f € X.
The equivalence class induced by f € £°in LY is denoted by [f].. The space L? carries the so-called
P-quasi-sure order <p as a natural vector space order: X,Y € LY satisfy X <p Y if for f € X
and g €Y, f < g P-q.s., that is {f > g} is P-polar. In order to facilitate the notation, we suppress
the dependence of <p on P and simply write < if there is no risk of confusion. (LY, X) is a vector
lattice, and for X,Y € LY, f € X, and g € Y, the minimum X AY is the equivalence class [f A g].
generated by the pointwise minimum f A g, whereas the maximum X VY is the equivalence class
[fV g]. generated by the pointwise maximum fV g. For an event A € F, x4 denotes the indicator
of the event (i.e. xa(w) =11if and only if w € A, and x4(w) = 0 otherwise) while 14 := [xa].
denotes the generated equivalence class in L2.

A subspace of L2 which will turn out to be important for our studies is the space L° of equivalence
classes of P-q.s. bounded random variables, i.e.,

L :={XecL’|3Im>0:|X|<xm}
L is a Banach lattice when endowed with the norm
[ XL == inf{fm >0||X| < m}, X €L

LY, and LZ denote the positive cones of LY and L, respectively. If P = {P} is given by a
singleton and thus ¢ = P, we write L%, LY, and [f]p instead of LY, L°, and [f].., and similarly for
other expressions where ¢ appears. Also, the P-q.s. order in this case is the P-almost-sure (a.s.)
order which we will also denote by <p when we are working with both the P-q.s. order < for some
set P C P(N) and the P-a.s. order for some P € PB(NQ) (typically P < P).

Often we will, as is common practice, identify equivalence classes of random variables with their
representatives. However, sometimes it will be helpful to distinguish between them to avoid con-
fusion. Let us clarify this further: X is an equivalence class of random variables if there exists
an equivalence relation ~ on £° such that X = {f € £° | f ~ g} for some g € L°. A measure
P € PB(Q) is consistent with the equivalence relation ~ if

VfgeLl’: f~g= P(f=g)=1

In that case we, for instance, write Ep[X] for the expectation of X under P which actually means
Ep[f] for any f € X provided the latter integral is well-defined. Also we will write expressions
like P(X =Y), where Y is another equivalence class of random variables with respect to the
same equivalence relation ~, actually meaning P(f = g) for arbitrary f € X and g € Y. The
difference here to the usual convention of identifying equivalence classes of random variables with
their representatives is that the equivalence relation ~ might not be given by P-a.s. equality, but
P is only assumed to be consistent with that equivalence relation in the above sense. A typical
example is the equivalence relation given by P-q.s. equality of random variables and P € B.(Q).

2.2 Supported Measures and Class (S) Robustness

Supported measures u € ca,. play a key role in handling robustness. This concept is also known in
statistics, see [28] for a detailed review.



Definition 2.1. Let P C B(Q) be non-empty.

1. A measure p € cacy is called supported if there is an event S(u) € F such that

(a) p(S(p)%) =0;
(b) whenever N € F satisfies u(N N S(u)) = 0, then N N .S(u) is P-polar.

The set S(u) is called the (order) support of f.

2. A signed measure p € ca, is supported if || is supported where
1l(A) = sup{u(B) — (A\ B) | B€ F,BC A}, A€ F,
is the total variation of pu.

3. We set
sca. = {u € ca. | p supported},

the space of all supported signed measures in ca., and scaq4 := sca. N cacy.

Note that if two sets S, S’ € F satisfy conditions (a) and (b) in Definition 2.1(1), then xs = xs’
P-q.s. (1g = 1g/), i.e., the symmetric difference S A S” is P-polar. The order support S(u) is
thus usually not unique as an event, but only unique up to P-polar events. In the following S(u)
therefore denotes an arbitrary version of the order support. Note that the functional

L‘C’OaXn—)/Xdu (1)

is order continuous (with respect to <) if and only if u € sca.. In fact, the space of order
continuous linear functionals may be identified with sca. via (1). In the same way ca,. is identified
with the space of all o-order continuous functionals, and any u € ca. \ sca. induces a linear o-order
continuous functional which is not order continuous. Note that in robust frameworks ca.. \ sca. # ()
is often the case. We refer to [28] for the latter facts and in general for a concise but comprehensive
discussion of the spaces ca. and sca.

Stochastic models, for instance of financial markets, which do not assume a dominating probability
measure are often referred to as being robust; see [10, 13, 31, 34] and the references therein. In
[28] an important subclass of such robust models, namely the models of class (S) defined next, are
discussed:

Definition 2.2. Let P C B(€2) be non-empty. P is of class (S) if there exists a set of supported
probability measures Q (i.e. @ C B.(Q) N sca.) such that Q ~ P. In that case we call Q a
supported alternative of P.

Let us briefly comment on the significance of the class (S) property: Suppose that P is of class
(S) and let Q be a supported alternative of P. As Q ~ P, the Q-q.s. order coincides with the
P-q.s. order <. Hence, when arguing by means of the P-q.s. order—think of robust superhedging,
for instance—which means to prove some statement for each P € P, we may indeed switch to Q
and prove the corresponding statement for each Q € Q, and here we often benefit from ) being
supported. Indeed [28] it is shown how the class (S) property is important, and indeed necessary,
in many situations to handle robustness in non-dominated frameworks.



Definition 2.3. Let Q C PB.(2) N sca.. We say that Q has disjoint supports if, for all Q, Q" € Q
such that Q # @', 1) A 1s(g) = 0, that is S(Q) N S(Q’) is a P-polar event.

Lemma 2.4 (see [28, Lemma 3.7]). Suppose P is of class (S). Then there exists a supported
alternative @ ~ P with disjoint supports. Q will be referred to as a disjoint supported alternative.

The following examples of class (S) models are extensively discussed in [28]. We refer to [28,
Section 3.2] for the details and in particular the proofs of the class (S) property.

Example 2.5. The underlying robust probabilistic models of the following financial models are
all of class (S):

1. The financial models on product space given in [16, 17], see [28, Section 3.2.1].
2. The volatility uncertainty models discussed in [18, 34], see [28, Section 3.2.2].
3. A model of innovation considered in [5], see [28, Section 3.2.3].

4. The models applied to study the superhedging problem in [7, 12, 24, 30], see [28, Section
3.2.4].

5. The robust binomial model considered in [9], see [28, Section 3.2.5].

2.3 ‘P-sensitive Sets

Let P C B(Q). A property that will play a major role in our studies is the so-called P-sensitivity
of subsets of LY defined in the following, see also [29]. To this end, recall that [f]. denotes the
equivalence class in L generated by f € LY, whereas [f]¢ is the equivalence class generated by f
in LY, that is under Q-a.s. equality. The following map identifies any X,Y € L? which appear to
coincide under @, that is Q(f =¢g)=1for fe X and g€ Y:

jo: LY = LY, [fle — [flo-
Definition 2.6. A set C C L? is called P-sensitive if
c= () g o).
QEP:(Q)

P-sensitivity means that the set C is completely determined by its image under each model Q) €
PB(Q), so if X € LY looks like a member of C under each @ € B.(Q) (i.e. jo(X) € jg(C) for all
Q € Bc(2)) then in fact X € C. Note that always C C Ngeq.(0) jél 0 jo(C), so the nontrivial

inch?sion is OQGBC(Q) jél 0jo(C) C C. Trivially, if P = {P}, th.er.l every set C C.L(}D is P-sensitive.
It will sometimes turn out to be useful to know a stronger sensitive representation of C:

Definition 2.7. Let C C LY. Q C*B.(Q) is called a reduction set for C if Q # () and
C= () g °ielC). (2)
QeQ

Clearly, any P-sensitive set admits the reduction set PB.(€2). The following lemma relates reduction
sets to each other and in particular shows that any set satisfying (2) is indeed P-sensitive.



Lemma 2.8. Let C C L2.

1. Consider a reduction set Q1 for C and any other set of probability measures Qo C B.(N)
such that Q1 C Qo. Then Qs is also a reduction set for C.

2. If C satisfies (2) for some non-empty set Q@ C P.(2), then C is P-sensitive.
3. If C is P-sensitive and P C B(Q) dominates P, i.e., P <K P, then C is P-sensitive.
Proof. The first statement follows from

cc () dg'ede€) c [ dg'edalc)=C. (3)
QEQ2 Qe

The second assertion follows from 1. by choosing Q; = Q and Qs = F.(€2). Finally, P < P implies
that P.(Q) C {P € P(Q) | P < P}, so we may argue as in (3). O

The reason for considering other reduction sets than simply 9B.(Q2) will become evident throughout
the paper. As we will see next, P-sensitive sets are stable under intersection.

Lemma 2.9. Let I be a non-empty index set and let C,, C LY, o € I, be P-sensitive. Then
C:=)Ca
acl

is also P-sensitive. If Qo C Pe() is a reduction set for Co for each o € I, then Q := J,c; Qa
is a reduction set for C.

Proof. Suppose that jo(X) € jo(C) for all Q € Q. Then in particular jo(X) € jo(C) for all
Q€ Q,andall o € I. Hence, X € C,, for all a € I. O

3 Bipolar Representations

Recall the well-known bipolar theorem on L}, given in [11] and used in the seminal study [25] of
the utility maximization problem:

Theorem 3.1 ([11, Theorem 1.3]). Let P € B(Q) and C C LY, be non-empty. Define the polar
of C as
Co:={Y eL}, |VX €C: Ep[XY] <1}

Then C° is a non-empty, P-closed, convez, and solid subset of L(I)D—i-’ and the bipolar
C°:={X €Ly, |VYeC:EpXY]<1} (4)

of C is the smallest P-closed, convez, solid set in L8+ containing C. In particular if C is P-closed,
convex, and solid, then C = C°°.

P-closedness in Theorem 3.1 means that the respective set is closed under convergence in proba-
bility with respect to P. The definition of solidness is recalled next:



Definition 3.2. Let C C L2. C is called solid in L2 if X € C, Y € L? and |Y| < |X| imply Y € C.
Cissolidin L2, if CC LY, and X € C,Y € LY, and Y < X imply ¥ € C. We simply say that C
is solid, if C is either solid in LY or solid in LY, .

Note that a set which is solid in LY, cannot be solid in L? and vice versa. In Theorem 3.1 we have
P :C{P}, and the subset C C L%, is solid if and only if X € C, Y € L}, and Y <p X imply
Y eC.

We also like to mention a useful strengthening of Theorem 3.1, still with ambient space L% 4 given
in [27]:

Theorem 3.3 ([27, Corollary 2.7]). Let P € B(Q) and C C LY, be non-empty. Define the polar
of C as
C°:={YelLy, |VXeC: Ep[XY] <1}

Then C° is a non-empty, o(LY, LY)-closed, convez, solid subset of LY, and the bipolar
C°:={X €Ly |VYeC: Ep[XY]<1} (5)

of C is the smallest P-closed, convez, solid set in Lng containing C. In particular if C is P-closed,
convex, and solid, then C = C°°.

The important difference between Theorems 3.1 and 3.3 is that the latter replaces the dual cone
LY 4 of Theorem 3.1 by L%, . The boundedness of elements in L, will prove helpful when deriving
robust bipolar theorems on LY . by lifting those on LY 4 for P € P, see Section 6. Note that by
solidness of C and by monotone convergence one directly verifies that the sets in (4) and (5) indeed
coincide.

3.1 A Reverse Perspective

In this section we collect some simple observations on necessary conditions for a bipolar represen-
tation which will, however, set the direction of our further studies.

Proposition 3.4. Let X C LY be a non-empty convex subset and suppose that the non-empty set
C C X admits a representation

C={XeX|Vhek: h(X)<1} (6)
where K denotes a non-empty set of functions h: X — RU {—o00,00}.
1. If each h € K is dominated by a probability measure Q € PB.() in the sense that
VX, YeX: QX =Y)=1= h(X)=hn()),

then C is P-sensitive. Any set Q@ C P.(Q) such that every h € K is dominated by some
Q € Q serves as reduction set for C.

2. If the functions h are convex, then C is necessarily convex.

3. If the functions h are monotone with respect to some partial order < on X, i.e., for all
X,Y € X we have that X Y implies h(X) < h(Y), then C is monotone with respect to <,
e, Y €eC, XeX and XY imply X €C.



4. If the functions h are (sequentially) lower semi-continuous with respect to some topology T
on X, then C is necessarily (sequentially) T-closed.

Proof. 1. Let Q@ C B.(2) be such that every h € K is dominated by some @ € Q. We have to
prove that if X € X satisfies jo(X) € jo(C) for all Q € Q, then X € C. To this end, fix such an
X and let h € K be arbitrary and choose @) € Q which dominates h. There is Y € C such that

jo(Y) = jo(X) € jq(C). As Q(X =Y) = Q(jo(X) = jo(Y)) =1, we obtain
h(X) = h(Y) < 1.

Since h € K was arbitrarily chosen, we conclude that X € C.
2., 3. and 4. are easily verified. O

As our focus lies on bipolar representations for subsets of X = LY ., let us further refine the
implications of Proposition 3.4 in that setting. If X = L2 | it seems natural that the functions h
appearing in the representation (6) are of type h(X) = Ep[X Z] for some P € B(2) and Z € L2, .
Under this assumption the following Corollary 3.6 provides more information. However, before
we are able to state the corollary we need to introduce some further notation: Let X,,, n € N,
and X be equivalence classes of random variables with respect to the same equivalence relation
on L% and let P € P(Q) be consistent with that equivalence relation, see Section 2.1. We will

write X, P, X to indicate that (X, )nen converges to X in probability with respect to P, that
is for any choice f, € X, and f € X the sequence of random variables (f,)nen converges to f in

probability with respect to P. For a subset Q of B(2) we write X, £, X to indicate that every
Q@ € Q is consistent with the equivalence relation defining X,, n € N, and X, and X, 2 X for
all Q € Q.

Definition 3.5. Let Q C B(Q2) be non-empty. A set C C LY is called Q-closed if (X,,)nen C C
and X,, -2 X for some X € LY implies that X € C.

Note that if Q C Q C PB(N) and if C is Q—closed7 then C is also O-closed. In particular, any
Q-closed set is P(2)-closed, and if Q C P.(Q), any O-closed set is P.(2)-closed.

Corollary 3.6. Suppose that the non-empty set C C Lg+ admits a bipolar representation of the
form

C={XelLl |VY(P,Z)eK: Ep[ZX] <1}
where KK C Pe(Q) x LY, is non-empty. Then C is P-sensitive, conver, solid, and PB.()-closed.
Let Q C P.(Q) denote any set of probabilities such that for all (P,Z) € K there is Q € Q with
P <« Q. Then Q serves as reduction set for C and C is in fact Q-closed.

Proof. Convexity, solidness, and P-sensitivity with reduction set Q immediately follow from Propo-
sition 3.4. Also Q-closedness is a consequence of Proposition 3.4 since for any (P, Z) € K the func-
tion X > LY, — Ep[ZX] is sequentially lower semi-continuous with respect to Q-convergence.

Indeed, consider any r € R and let (X, )pen C LY, and X € L2, such that X, 2, X and

Ep[ZX,) <rforallneN As P < @ for some Q € Q and X, N X, there is a subsequence
(X, )ken of (X,)nen converging Q-a.s. and thus P-a.s. to X. Hence, by Fatou’s lemma

Ep|ZX] < liminf Ep[ZX,,] <.
—00



Note the relation between the reduction set and the closedness of C stated in Corollary 3.6.

3.2 Lifting Bipolar Representations

As we have seen above, P-sensitivity arises naturally in the context of sets with a bipolar repre-
sentation. Conversely, in this section we will see how P-sensitivity can be used to obtain a robust
bipolar representation by lifting known bipolar theorems in dominated frameworks to the robust
model L2.

Throughout this section let X be a convex subset of LY, and let C C X be a non-empty P-sensitive
set with reduction set @ C B.(2). Further let Xy := jo(X) and Cq := jo(C) for all Q € Q. For
each @ € Q we denote by Vg a non-empty set of mappings [ : Xo — RU {—00,00} and let

Co = {l € Vg | VX € Cq: I(X) <1}

and
C&,o ={X eXy |V GCéz I(X) <1}
Set
o= J{iojgliccy} (7)
QeQ
and
C?:={XeX|Vhel: h(X)<1}. (8)

Theorem 3.7. Suppose that Co = Cy for all Q € Q. Then C =C°°.

Proof. Let X € C, then jo(X) € Cq and thus I(jo(X)) < 1for all I € C3 and @ € Q. Hence,
X €C°°. Now let X € C°°. Then for any @ € Q we have that [(jo(X)) <1 for all I € Cg). Since
Cqo = Cg holds by assumption for all @ € Q, we obtain Jjo(X) eCgforallQ € Q. As Qisa
reduction set for C, we conclude that X € C. O

Clearly, supposing that Cqo = C¢y’ holds for all @) € Q is a rather abstract assumption. As we focus
on X = LY, we will use Theorems 3.1 and 3.3 to conclude that under some conditions on C each
Cq admits a bipolar representation Cg = Cgy’. Then we may lift this bipolar representation with
Theorem 3.7. The conditions on C will, of course, comprise convexity and solidness with respect to
the P-quasi-sure order, and these requirements are easily seen to imply convexity and, respectively,
solidness with respect to the @-a.s. order of any Cq. However, we also need to discuss reasonable
closure properties. This is the purpose of the next section.

4 Concepts of Closedness under Uncertainty

Recall the discussion from the previous Section 3.2. If we want to apply Theorem 3.1 or 3.3, we
need to ensure that every jo(C) is Q-closed. A straightforward way of achieving this is to assume
that C is Q-closed for each @ € Q. Yet, a still sufficient and indeed also necessary property is the
following weaker requirement:

Definition 4.1. Let C C LY and Q € PB.(Q). C is called locally Q-closed if for each sequence
(X:)nen C C and X € LY such that X, 2, X there exists Y € C such that Jjo(X) =jo(Y).



Lemma 4.2. Let C C L% and Q € B.(Q). C is locally Q-closed if and only if jo(C) is Q-closed.
Proof. We may assume that C # (). Suppose that C is locally Q-closed. Let (X&),en C jo(C) and
X@ e LY such that X@ 9, XQ. Pick (Xn)nen C C such that jo(X,) = X and X € LY such

that jo(X) = X9. It follows that X, 2 X. AsCis locally @-closed, there exists Y € C such
that jo(C) 3 jo(Y) = jo(X) = X%. Thus, Cg is Q-closed.

Conversely, if jo(C) is Q-closed and (X,)nen C C and X € Lg, such that X, <, X, then
Jjo(Xy) N Jo(X) in L, and thus jo(X) € jo(C). Now let Y € C such that jo(Y) = jo(X). O
So far we have encountered two concepts of closedness which arise naturally in our studies: Q-
closedness appeared as a necessary condition in Corollary 3.6 whereas local @-closedness for all

@ € Qis equivalent to Q-closedness of jo(C) for all Q € Q and thus enables a lifting of Theorems 3.1
and 3.3. Interestingly, both notions are equivalent for P-sensitive and solid sets:

Proposition 4.3. Suppose that C C LY is P-sensitive with reduction set Q C PB.(Q). IfC is locally
Q-closed for all Q € Q, then C is Q-closed. If additionally C is solid, then C is locally Q-closed for
all Q € Q if and only if C is Q-closed.

Proof. Assume that C # ). Suppose C is locally Q-closed for each @ € Q. Let (X,,)neny C C and

X € LY such that X, NS By assumption there exists Yo € C for each @) € Q such that
Jo(X) =jo(Yg) € jo(C). Since Q is a reduction set for C we obtain X € C. Hence, C is Q-closed.
Now suppose that C is also solid and let C be Q-closed. Fix @ € Q and let (X, )nen C C such

that X,, 2, X for some X € LY. Then there exists a subsequence (X, )xen of (X, )nen such that
Xy, = X Q-a.s. For an arbitrary choice g, € X;,, k€ N, and g € X set

{gn, = g} ={w € Q| gn, () = g(w)}!
Note that Q({gn, — ¢g}) =1 and
Yw e Q  gn, (W)X{gnk Sgr(w) = g(w)x{gnk Sgr(w).

The latter and the fact that every Q € Q is consistent with the P-q.s.-order implies
X1 9 x1
Nk +{gn, —9} {gn,—9}

for all Q € Q. By solidness of C we have X, 1{9w g}y € Cforall k € N, and thus, by Q-closedness,
X1y, g} € C. Since Q({gn, — g}) = 1 we have jo(X) = jo(X1{y, —g}) € j@(C). Therefore, C
is locally Q-closed. O

One of the more commonly used closedness concepts in robust frameworks is order closedness, see
for instance [22] or [28].

Definition 4.4. A net (X,)aer C LY is order convergent to X € L2, denoted X, %) X, if there

is another net (Y, )acs C LY with the same index set I which is decreasing (o, 3 € I and a < f8
imply Y3 < Y, ), satisfies infoe; Y, = 0, and for all o € I it holds that | X, — X| < Y,. Here, as
usual, inf,e7 Yy, denotes the largest lower bound of the net (Y, )acr-

LAt this point, we felt we better drop the convention of identifying equivalence classes of random variables with
their representatives for a moment.
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Note that if P = {P}, then ¢ = P, and hence order convergence on L% with respect to the P-a.s.
order is naturally denoted by X, %) X.

Definition 4.5. 1. A set C C LY is order closed if for any net (X,)aes C C and X € L2 such
that X, — X it holds that X € C.

2. A set C C LY is sequentially order closed if for any sequence (X,,)nen C C and X € LY such
that X,, =+ X it holds that X € C.

In the dominated case, for @ € B(2), we know by the super Dedekind completeness of L% (see [3,
Definition 1.43]) that C C L% is order closed if and only if C is sequentially order closed, and for
solid sets this is well-known to be equivalent to @)-closedness:

Lemma 4.6 (see e.g. [28, Lemma 4.1]). Let Q € P(N) and C C L?;) be solid. Then the following
are equivalent:

1. C is order closed (with respect to the Q-a.s. order).
2. C is sequentially order closed.
3. C is Q-closed.

Having some other appealing features, in robust frameworks, authors have tended to focus on order
convergence as a generalisation of @Q-closedness, see [22] or [28]. However, it turns out that in the
non-dominated case order closedness is generally not equivalent to sequential order closedness, see
for instance Examples 4.13 and 5.12, and that in fact it is the latter notion which is closely related to
the other natural robustifications of ()-closedness we have encountered so far, namely Q-closedness
or local @-closedness for all Q € Q, see Theorem 4.9 below. Before we state Theorem 4.9 we need
two auxiliary results:

Lemma 4.7. Suppose that C C LY is solid. Let Q € B.(Q). Then jo(C) is solid.

Proof. Suppose that C # () is solid in L and that X% € jo(C) and Y € L, satisfy Y@ <q | X9
Pick X € C such that jo(X) = X@. Further let f € X and g € Y? and set X := X171 191 e
and Y := [gx{|f>|g]})e- Note that Q(|f| > |g]) = 1 and therefore jo(X) = X%. We have
Y| < |X| < |X|, and thus Y € C. Since jo(Y) = Y we conclude that Y@ € jo(C), so jo(C) is
indeed solid with respect to <g. The assertion in case that C is solid in LY . follows similarly. [

Lemma 4.8. Suppose that ) # C C LY is solid and sequentially order closed, and let Q € B.(9).
Then jgo(C) is closed with respect to the QQ-a.s. order in LOQ.

Proof. As jo(C) is solid according to Lemma 4.7, in oder to show (sequential) order closedness
it suffices to consider non-negative increasing sequences (X&)nen C jo(C) (that is 0 <o X@ <g
XT?H for all n € N) such that the supremum X € L% of (X@)nen exists and to show that
X9 € jg(C), see [3, Lemma 1.15]. Pick (X,)nen C C such that jo(X,) = X$ for all n € N. Let
g€ X? and g, € X, for all n € N. Consider the event

A:={supg, =g} N ﬂ {gn < gnt1}-
neN neN

11



Note that Q(A) = 1. Set X, := [gnxalc for all n € N and X := [gxa].. Since X, < X, we
conclude by solidness of C that (X, ),en C C. One verifies that indeed X = sup,,cy Xy in (LY, <)

and X,, — X. Hence, by sequential order closedness of C we obtain X € C. As jo(X) = X9 we
infer that X € jo(C). O

Theorem 4.9. Suppose that C C LY is solid and P-sensitive. Let Q C B.(Q) be a reduction set
for C. Then the following are equivalent:

1. C is sequentially order closed.

2. C is Q-closed.

3. C is locally Q-closed for each Q € Q.

4. jo(C) is Q-closed in L% for each Q € Q.

5. jo(C) is order closed with respect to the Q-a.s. order on L% for each Q € Q.

6. jo(C) is sequentially order closed with respect to the Q-a.s. order on L% for each Q € Q.
For the proof of Theorem 4.9 we need an auxiliary lemma:
Lemma 4.10. Let (X,,)nen C LY and Q € B.(Q).

1. Suppose that the infimum (supremum) X = infp,eny Xy, (X = sup, ey Xn) of (Xn)nen in the
P-q.s. order exists. Then jo(X) = infrenijo(Xn) (Jo(X) = sup,enjo(Xn)) in L%, i.e.,
Jjo(X) is the infimum (supremum) of (jo(Xn))nen in the Q-a.s. order.

2. Let Y € LY and suppose that X,, — Y in L. Then jo(X,) % JQ(Y) in LY.

Proof. (1.): We only prove the case of the infimum. From @ < P it immediately follows that jo(X)
is a lower bound for (jo(X,))nen. Consider another lower bound 79 ¢ L% of (jo(Xn))nen-
We have to show that jo(X) >¢ Z®Q. For any choice f, € X, and g € Z9 we have that
Q({fn > ¢}) =1 and thus also the event

A= ﬂ{fnzg}

neN

satisfies Q(A) = 1. Let Z := [g]c1a + X14c € LY. Then Z < X,,, and hence Z < X which implies
jo(X) 2q jo(2) = Z°.

(2.): By definition of order convergence, there exists a decreasing sequence (Y, )neny C LY . such
that inf,en Yy, = 0 in L2 and for all n € N

X, — X| < Y.
Define X? := jo(X) and X2 := jo(X,), Y,@ := jo(¥,), n € N. As Q < P, we have for all n € N
X9 X9 < V® and 05 ¥, <q¥E.

According to 1. inf,en Y,% =0 in LOQ. Hence, X& % Xe. O

12



Proof of Theorem 4.9. (2.) < (3.) < (4.): see Lemma 4.2 and Proposition 4.3.

(4.) & (5.) & (6.): follow from Lemma 4.6.

(1.) = (6.): Lemma 4.8.

(6.) = (1.): Assume C # 0 and let (X,)nen C C such that X, % X € L% According to

Lemma 4.10, jo(Xy) %> Jo(X). As jg(C) is closed in the Q-a.s. order for any @) € Q we obtain
Jo(X) € jo(C) for all @ € Q. Since Q is a reduction set for C we infer X € C. O

Interestingly, also in the robust case there are situations in which we may add order closedness to
the list in Theorem 4.9. This is closely related to the existence of supports of probability measures
as introduced in Section 2.2.

Lemma 4.11. Let Q € B.(Q).

1. Suppose that Q is supported. Let C C LY and suppose that the infimum (supremum) X =
inf C (X := supC) emists in L. Then jo(X) = infjo(C) (jo(X) = supjo(C)) in L.
In particular, for any net (Xa)aer C LY and X € L% we have that X, % X implies

jo(Xa) 5 ja(X).

2. Conversely, suppose that for any net (Xo)aer C LY and X € LY we have that X, % X
implies jo(Xa) %) Jjo(X), then Q is supported.

Proof. (1.): We only prove the case of the infimum. Recalling the observations already made in the
proof of Lemma, 4.10, we only have to show that any lower bound Y© ¢ LOQ of jo(C) in L% satisfies
jo(X) > Y@. Denote by S(Q) a version of the Q-support. Similar to the proof of Lemma 4.10
we pick f € Y9 and define Y := [f].15(q) + X1g(g)c. We have that Y < Z for all Z € C. Indeed,
let Z € C and g € Z (and thus also g € jo(Z)). Since 0 = Q(f > g) = Q(S(Q)N{f > g}) we infer
that ¢(S(Q) N {f > g}) = 0 (recall Definition 2.1). Therefore Y1) < Z1g(q). X being a lower
bound of C now yields Y < Z. As Z € C was arbitrary and as X is the largest lower bound of C
we conclude that Y < X. This in turn implies that jo(X) >¢ jo(Y) = Y9 where we have used
that Q(S(Q)) = 1 for the latter equality. The remaining part of the assertion now follows along
similar lines as presented in the proof of Lemma 4.10.

(2.): Note that by the dominated convergence theorem, for any measure P € B(Q), the linear
functional
Ip: LE 5 X v Ep[X]

is always o-order continuous and thus also order continuous, because LY is super Dedekind com-
plete. Under the assumption stated in (2.) we thus have that

L5 X — Eg[X],

which we may view as the composition Ig o jg), is order continuous. Since the order continuous dual
of L may be identified with sca., see [28, Proposition B.3], we find that Q must be supported. O

Combining Theorem 4.9 with Lemma 4.11 we obtain:

13



Theorem 4.12. Suppose that C C LY is solid and P-sensitive and let Q@ C P.(Q) N sca. be a
reduction set for C. Then the following are equivalent:

~

. C is order closed.

2. C is sequentially order closed.

3. C is Q-closed.

4. C is locally Q-closed for each Q € Q.

5. jq(C) is Q-closed in LYy for each Q € Q.

=

Jjo(C) is order closed with respect to the Q-a.s. order on L% for each Q € Q.

7. jo(C) is sequentially order closed with respect to the Q-a.s. order on LOQ for each Q € Q.

Proof. In the view of Theorem 4.9 and as obviously (1.) = (2.), it suffices to prove that (6.) =
(1.). But if C # 0 and (Xa)aer C C and X € LY satisfy X, — X, then jo(Xa) % jo(X)
according to Lemma 4.11. Thus (6.) implies that jo(X) € jo(C) for all Q@ € Q, and Q being a
reduction set for C now yields X € C. O

Note that in Theorem 4.12 it is important that we consider a reduction set Q for C which is strictly
smaller than PB.(02) if ca. # sca.. In fact, ca. # sca. is often the case according to [28, Section
3.3]. In the sequel we will encounter more situations in which the existence of a suitable reduction
set with further properties than 9B.(Q) is crucial.

The following example shows that the equivalence (1.) < (2.) in Theorem 4.12 generally does not
hold if the reduction set is not supported:

Example 4.13. Recall that ca. and sca. can be identified with the o-order and the order contin-
uous dual of L2°, respectively, see, for instance, [28]. That means that

L‘C”BXH/Xdu

is g-order continuous, i.e., for every sequence (X, )neny C LS such that X, %) X € L we have
f Xpdp — f Xdp, whenever u € ca., and order continuous, i.e., for every net (X, )ocr C L such
that Xo — X € Lg° we have [ Xodu — [ Xdp, whenever y € sca,. [28, Section 3.3] shows that

sca. # cac is often the case. Hence, let us assume that sca. # ca. and let pu € cacy \ scacy and
consider

CT::{XGLﬁ|/Xdu§r}

where r > 0. C, is obviously convex and solid. Moreover, C, is P-sensitive with reduction set
Q = {Q} where Q := pu(Q)"'p € P(Q). As L 3> X — [ Xdu is not order continuous there
exists a decreasing net (Xq)aer C LS with infoer Xo = 0 such that inf,cr J Xadp=:b>0. Let

B € I. Then the net Y, := X3 — X, @ > 3, is increasing and satisfies 0 < Y, and Y, % X3.

However, (Yy)a>s C C, for r = fX/gd,u — b, but Xg & C,.. Hence, C, is sequentially order closed
but not order closed.
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5 'P-Sensitivity Reloaded

In this section we study necessary and sufficient conditions for ensuring P-sensitivity of C C L9.
We start with some rather evident structural properties.

5.1 P-Sensitivity by Local Defining Conditions
Proposition 5.1. Let ) # Q C P.(Q) and suppose that

C= ({XeLl|tHeH: QAF(X)) =1},
QeQ

where T € {3,V}, H is a non-empty test set, and for all Q € Q the function Ag: LY — F satisfies
Q(Ag(X)AAg(Y)) = 0 whenever Q(X =Y) = 1. Then C is P-sensitive with reduction set Q.

Proof. Assume C # () and let X € L2 such that jo(X) € jo(C) for all Q € Q. Fix Q € Q. Then
there exists Y € C such that jo(X) = jgo(Y), that is Q(X =Y) = 1. Hence, dependent on the
quantifier, there either exists an H € H such that, or it holds for all H € H that

QAG (X)) = QA5 (Y)) = L.
As @ € Q was arbitrary, X € C. O

Example 5.2. Let Q C B.(Q).

1. (local boundedness condition) Set H := N and A%(X) := {w € Q| f(w) < n} for some f € X.
Then
C:={XelLl |[VQeQIeN: QX <n)=1}

is P-sensitive with reduction set Q and even convex and solid. However, C is not sequentially order
closed, as we can easily see that C is not Q-closed.

2. (uniform local boundedness condition) Let Yo € LY, for each Q € Q. Set H := {0} and
AQ(X) :=={w € Q] f(w) < g(w)} for some f € X and g € Yg. Then

C:={XeLl |VQeQ:Q(X <Yy) =1}

is P-sensitive, convex, and solid. Clearly, C is also Q-closed and hence sequentially order closed.

3. (uniform martingale condition) Let H := {(Y,G)} for some sub-o-algebra G of F and some
Y €LY | which admits a G-measurable representative g € Y. The set

C:={XeLl |VQeQVfeEg[X|G]: f=gQ-as}

is P-sensitive. Here Eg[X | G] € LY, G, Q) denotes the equivalence class of conditional expecta-
tions under @ of (any representative of) X given G. We could for instance set

AGO(X) = {w € 2] f(©) = g(w)}
for some arbitrary choice f € Eg[X | G]. Then

C={X el |VQeQ: QAT (X)) =1}
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4. (uniform supermartingale condition) Again let H := {(Y,G)} for some sub-o-algebra G of F
and some Y € L, which admits a G-measurable representative g € Y. The set

C:={Xell |VQeQVfeEqg[X|G]: f<gQ-as.}

is P-sensitive (AE?Y’Q)(X) ={w € Q| f(w) < g(w)} for some arbitrary choice f € Eg[X | G]).
Moreover, C is solid, convex, Q-closed. Hence, by Theorems 4.9 and 4.12 C is sequentially order
closed and even order closed if Q C scac.

5. Let Y € L2, . Then the set
C={Xel) | XxY}={Xell |[VPeP:P(X<Y)=1}

is convex, solid, and sequentially order closed. C is also P-sensitive according Proposition 5.1.
Indeed, set H := {Y} and AL(X) ={we Q| f(w) < gw)}, PEP =09, X € LY, where f € X
and geV.

5.2 ‘P-Sensitivity and Aggregation
In the following we relate P-sensitivity to the concept of aggregation (cf. [23, 35]).

Definition 5.3. Let Q C B.(Q).

1. A family (X%)geo C LY is Q-coherent if there is X< € L9 such that
VQeEQ QX9P=X9=1.
The equivalence class X € is called a Q-aggregator of (X?)geo.

2. A set C C LY is called Q-stable if for any Q-coherent family (X?)geo C C the set C contains
all Q-aggregators of (X@)geco.

Proposition 5.4. Let Q@ C P.(Q). Then a non-empty set C C LY is P-sensitive with reduction
set Q if and only if C is Q-stable.

Proof. Let C be P-sensitive with reduction set Q. Suppose that (X%)geg C C is Q-coherent and
let X< € L2 be a Q-aggregator. It then holds that jo(X <) = jo(X®) € Cq for all Q € Q. Hence,
as Q is a reduction set for C, X< € C and C is Q-stable.

Now suppose that C is Q-stable. Let X € ﬂQegjél 0 jo(C). Then there exist (X%?)geo C C
such that jo(X?) = jo(X) & Q(X = X@9) =1 for all Q € Q. Thus, X is a Q-aggregator for
(X?)geo C C and therefore X € C. Hence, C is P-sensitive with reduction set Q. O

Example 5.5 (Superhedging). Suppose that the (multivariate) process S in continuous or discrete
time describes the discounted price evolution of some financial assets. Let H be a set of investment
strategies and denote the portfolio wealth at terminal time 7" > 0 of some H € H as (H - S)r
which is a random variable. The latter will typically coincide with a stochastic integral at time T,
and (H - S)g = 0. The set of superhedgeable claims at cost less than 1 is given by

C={Xell |3HeH: X <1+ (H -9}
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It is well-known (see e.g. [8, 25, 26]) that a bipolar representation of C is closely related to the
set of martingale measures, i.e., probability measures under which the discounted price process
S is a martingale, see also Section 7.4. Hence, we are interested in criteria which ensure that C
is P-sensitive. Indeed, according to Proposition 5.4, C is P-sensitive if and only if C is Q-stable
for some Q C P.(2). This however requires some aggregation property of the portfolio wealths
(H -S)r. For instance, suppose that P is of class (S) and that LY is Dedekind complete. The latter
assumptions are for instance satisfied in the volatility uncertainty framework discussed in [18, 34]
where Dedekind completeness of L is achieved by a suitable enlargement of the filtration ([34,
Section 5] and [28, Example 5.1]). Let Q be a disjoint supported alternative to P, see Lemma 2.4.
Then any family (X Q)QGQ C C is Q-coherent, see Lemma 5.6 below. Let X be a Q-aggregator of
(X9)geo and let H? € H be such that X? < 1+ (H?-S)7. Consider any Q-aggregator Y of the
terminal wealths ((H? - S)7)geg which exists by Lemma 5.6. Then

X<x1+4Y

A sufficient condition for P-sensitivity is thus that any such Q-aggregator of terminal wealths Y
can be replicated, that is there is H € H such that Y = (H - S)7. Indeed, in the case of volatility
uncertainty the latter problem is related to finding an aggregator H of the processes H?, Q € Q,
in the sense of [34, Definition 3.1]. This is problem is easily solved if the disjoint supports of all
probability measures Q € Q were Fy-measurable. Then one could simply paste the processes H?,
Q € 9, along the supports. More generally, [34, Theorem 5.1 and Theorem 6.5] give sufficient
conditions for the existence of such an aggregator. It is part of ongoing research to apply the
results in [34] to conclude P-sensitivity of C for a suitably chosen set P, see also Sections 7.4 and
7.5.

Lemma 5.6. Suppose that P is of class (S) and LY is Dedekind complete. Let Q denote a dis-
joint supported alternative to P (Lemma 2.4). Then any choice (X9)geq C LY, is Q-coherent.
Moreover, any Q-aggregator X of (X9)geo satisfies X1gg) = XQIS(Q) for all Q € Q.

Proof. The last assertion follows from X1g ) = Xe 15(@) if and only if Q(X = X®@) = 1. For the
first assertion let (X®)gecg C LY. For n € Nlet X™ € LY, denote the least upper bound of the
bounded family (X@ A n)lgq), @ € Q. Then it follows that Q(X" = X@An)=1foral Qe Q
and thus

Therefore X™ < X" *! for all n € N and the P-quasi sure limit? X :=lim, o X" € Lg exists and
X1s(q) = X915(q).

Hence, X is a Q-aggregator of (X9)geo- O

5.3 P-sensitivity as a Consequence of Weak Closedness
Recall the following classical bipolar theorem for locally convex topologies.

Theorem 5.7 (see, e.g., [2, Theorem 5.103]). Let (X,Y) be a dual pair, see [2, Definition 5.90],
and let 0 #C C X. DefineC° :={Y € Y |[VX €(C: (X,)Y) <1} andC® :={X € X | VY €
C°: (X,Y) <1}. C=C® if and only if C is convex, o(X,Y)-closed, and 0 € C.

2(Xn) C LY is said to converge to X € LY P-quasi surely if P(X,, — X) =1 for all P € P.
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The following result shows that o(X,))-closedness with respect to some dual pair (X,)) where
X C LY and Y C ca,. already implies P-sensitivity.

Theorem 5.8. Let X C L% and Y C ca. be subspaces such that (X,Y) is a dual pair. Suppose

that C C X is non-empty, convex and o(X,Y)-closed. Then C is P-sensitive, and we may find a
reduction set @ CY of C (in particular Q@ =B.(Q) NY does the job).

Proof. The convex indicator function f: X — [0, o] defined as

0, X e,

f(X):=5(X|C)={OO Yoo

is convex and o (X, Y)-lower semi-continuous and thus, by the Fenchel-Moreau theorem,

F(X) = = sup [ Xdu— f(
pey
where f*:) — (—o00,00] is given by
= sup /Xdy fX

Xex

We may thus represent C as
C—(XeX[f0)=0) = () (XeX|[Xdui-s <o) 9)
pedomf*\{0}

where domf* := {p € V| f*(p) < oo} and the last step follows from the fact that for =0

£ = = jnf 1) =0 = [ X

Yex

for all X € X. Let Q := {Iulllgél | p € domf*\ {0}}. We claim that C is P-sensitive with reduction

set Q. Indeed let jo(X) € jo(C) for all Q € Q, and p € domf* \ {0}. For Q := |“ € Q pick
Y € C such that jo(X) =jo(Y). As pp < @ it follows that

[xau= [otiau= [ jo¥ydn= [ vau < (u

Since p € domf* \ {0} was arbitrary and by (9) we infer that X € C. O

The next simple example shows that even in a dominated framework the P-sensitive sets in L9 do
not all coincide with weakly closed sets in some locally convex subspace X of LY.

Example 5.9. Let P = {P} for a non-atomic probability measure P € (). In this case,
it is well-known that there is no subspace J C cap =~ L} such that (L%.)) is a dual pair.
Indeed, for any p € cap \ {0} there is X € L%, such that [ Xdpu is not well-defined or infinite.
However, C := LY 4 is convex, solid, and trivially P-sensitive with reduction set {P}. Also C
admits a bipolar representation with polar set C° = {u € caps | VX € C: [ Xdp < 1} = {0} and
C°={XeLl |0<1} =LY =C, see Section 6.

18



5.4 P-Sensitivity as a Consequence of Class (S) and Order Closedness

As mentioned previously a widely used closedness requirement in robust frameworks is order closed-
ness, see [22, 28] . Supposing that P is of class (S), we will in the following show that order
closedness already implies P-sensitivity.

Lemma 5.10. Suppose that P is of class (S) and let Y C sca. be any linear space separating
the points of L°.3 Moreover, let C C L8+ be convex, solid, and order closed. Then C N L is
(L, Y)-closed.

Proof. T := |o|(L°,Y) is a locally convex-solid Hausdorff topology with the Lebesgue property*
since sca. may be identified with the order continuous dual of L2, see, e.g., [28]. Suppose C # {).
Consider the set D := CN L°. D is non-empty (because for each X € Cand k e N, X Ak € D
by solidity), convex, solid, and order closed. Using [3, Lemma 4.2 and Lemma 4.20], we infer that
D is |o|(L,Y)-closed. As |o|(L°,Y) and o(L,Y) share the same closed convex sets (see [2,
Theorem 8.49 and Corollary 5.83]), D is o(LS°, V)-closed. O

Corollary 5.11. Suppose that P is of class (S) and let Y C sca. be any linear space separating
the points of L°. Suppose that C C L2+ s convez, solid, and order closed. Then C is P-sensitive
with reduction set @ C P.(Q) N Y.

Note that in particular sca. always separates the points of LS when P is of class (S), see [28,
Proposition B.5].

Proof. The previous lemma shows that C N LY is o(LS°, Y)-closed. According to Theorem 5.8
C N LY is P-sensitive with reduction set Q@ C ). Suppose that

Xe () g oial).
QeQ

Let n € N. For all Q € Q there is Y € C such that jo(Y) = jo(X). As C is solid, we have that
Y An € C which implies jo(X An) = jo(Y An) € jo(C). As Q € Q was arbitrary, and as Q is
a reduction set for C N LY, we have that X An € C for all n € N. By order closedness of C we

conclude that indeed X € C. O

The next example, which can originally be found in [29], gives us an example of a convex, solid,
and sequentially order closed set which is not P-sensitive. Moreover, P will be of class (S) and L?
will be Dedekind complete. However, the example is based on assuming the continuum hypothesis,
i.e., there is no set X whose cardinality satisfies |N| = Ry < |X| < 2% = |R].

Example 5.12 ([29, Example 3.7]). Consider (2, F) = ([0,1],P([0, 1])), where P([0, 1]) denotes
the power set of [0, 1]. Let P := {4, | w € [0, 1]} be the set of all Dirac measures. Apparently, every
probability measure in P is supported, and L? is easily seen to be Dedekind complete. Assume
the continuum hypothesis. Banach and Kuratowski have shown that for any set A with the same
cardinality as R there is no measure g on (A,P(A)) such that u(A) =1 and p({w}) = 0 for all
w € A, see for instance [20, Theorem C.1]. It follows that any probability measure u on (£2,F)

3that means for any X,Y € L such that X # Y there is 4 € Y such that [ Xdp # [Ydu.
4For the definition of absolute weak topologies |o](X,Y), locally convex-solid topologies, and the Lebesgue
property, see [3].
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must be a countable sum of weighted Dirac-measures, i.e., p = > -, a;d,,, where Y .o a; = 1,
a; > 0, and w; € Q for all i € N. In this case any probability measure has a countable support,
and in particular ca = ca, = sca = sca.. Now consider the set

D:={14|0+# A C|0,1] is countable}
and let C be the solid hull of D. C can then be written as
C={XelLl |IYeD:0<X <Y}

C is clearly convex and solid. Note that every X € C is countably supported. Now let (X, )nen C C
such that X,, = X € L2,. For each X,, € C there exists a countable set A, C [0,1] such that

C
0< X, <14, SetA:= UneN A,. A is still countable and it holds that 0 < X,, < 14 for all
n € N. Hence, 0 < X < 14 and therefore X € C. Thus, C is sequentially order closed.
Let Q € B.(Q2) = P(2). Q has a countable support S(Q) and therefore 1g(g) € C by definition.
Then jo(1a) = jo(lsq)) € Cq- As Q € B.(2) was arbitrary, we have

loe () g o)
QEP.(Q)

However, 1 ¢ C. Hence, C is not P-sensitive. By Corollary 5.11, C cannot be order closed either.
This fact can also be easily directly verified. Indeed, set I := {A C [0, 1] finite}. For a, 8 € I we
let « < Bif « C B and set X, = 1,. Then (X, )qer converges in order to 1 ¢ C. Hence, C is not
order closed.

Example 5.12 also implies that there is no proof of the statement that convexity, solidness, and
sequential order closedness imply P-sensitivity:

Corollary 5.13. Let C C L2+ be conver, solid, and sequentially order closed. Without further
assumptions, there exists no proof that the assumed properties of C imply P-sensitivity.

Proof. This follows from Example 5.12 and the fact that the continuum hypothesis is consistent
with the standard mathematical axioms (ZFC). O

6 Bipolar Theorems on LY,

We will now apply Theorem 3.7 to extend Theorems 3.1 and 3.3 to L? L.
Theorem 6.1 (Extension of [27, Corollary 2.7]). Suppose that C C L2, is non-empty. Let
C°:={(Q,2) e P(Q) x L |VX € C: Eg[ZX] < 1}

and
C:={X €Ll |V(Q,Z)eC: Eg[ZzX] <1}.

Then C°° is the smallest P-sensitive, convex, solid, and sequentially order closed subset of L8+
containing C. In particular, C = C°° if and only if C is P-sensitive, convez, solid, and sequentially
order closed.
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Proof. Clearly, C C C°°, and P-sensitivity, convexity, solidness, and sequentially order closedness
of C°° have already been proved in Corollary 3.6 and Theorem 4.9.

Now suppose that C is P-sensitive, convex, solid, and sequentially order closed. Consider any
Q € PB:(Q). jo(C) is clearly convex in L?;H— and also solid by Lemma 4.7. Moreover, by Theorem 4.9
Jjo(C) is Q-closed. Hence, according to Theorem 3.3, the requirement of Theorem 3.7 is satisfied.
This proves C = C°° once we verify that the polar set given in (7) may be identified with C° as
defined in the theorem. To this end, consider the composition h = Eg[Z-] o jo where Q € PB.(Q)
and Z € L@ is an element of the polar C3 of Cqo := jq(C) under @ given in Theorem 3.3,
that is h is an element of the polar given in (7). Then for any Z € jél(Z) N L we have
hX) = EglZjo(X)] = EqlZX], X € LY. In particular Eg[ZX] = Eq[Zjg(X)] < 1 for all
X € C because Z € Cg. Hence, h = EglZ] and (Q, Z) € €°. Conversely, let (Q,Z) € C°, then
one verifies that jq(Z) € C3. Therefore, (LY, 3 X — Eqljg(Z2)jo(X)] = Eq[ZX]) is an element
of the polar given in (7).

Minimality of C°° follows by standard arguments. O

In fact, replacing PB.(2) by an arbitrary reduction set Q of C in the proof of Theorem 6.1 shows
that we may even conclude the following representation:

Corollary 6.2. Suppose that C C L2+ is non-empty and P-sensitive with reduction set Q. Let
Cy ={XeLl |V(Q,2)eCy: Eq[ZzX] <1}

where
Co=1{(Q.2) e Qx LY |VX €C: Eq[ZX] < 1}.

Then C°° = Cg’ where C°° is given in Theorem 6.1. Moreover, if Q C sca. is disjoint, then

C®=C5 ={XelLl |VZeCh: ngtelgEQ[ZX] <1}

where
Co={Ze Ly |VX €C: sup Eq[ZX] <1}.
QeQ
Proof. Replacing B.(Q2) by an arbitrary reduction set Q of C in the proof of Theorem 6.1 shows
that Cg’ is the smallest P-sensitive, convex, solid, and sequentially order closed subset of LY L
containing C, so it must coincide with C°°.

Finally, as
Co ={X €Ll |VZeC,VQ e Q: EglZX] < 1},

Corollary 3.6 and Theorem 4.9 show that C5" is a P-sensitive, convex, solid, and sequentially order
closed subset of LY, containing C. It remains to show that C5* C C°°. To this end, let X € C¥'
and (Q, Z) € C, then Z1g4(g) € C5. Indeed, by disjointness of the supports and as C C L(C)Jr, we
obtain

gup EQ[Z]-S(Q)Y] = EQ[le(Q)Y] = EQ[ZY} < 1

QEQ
for all Y € C. Hence, Z1g(g) € C5 and thus

EQ[ZX] = sSup EQ[le(Q)X] < 1.
QeQ
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As (Q, Z) € Cg was arbitrary, this implies X € C*°. O

Analogously to the proof of Theorem 6.1 we could obtain a lifting of Theorem 3.1, which involves,
however, unbounded elements in the polar, or we simply conclude it from Theorem 6.1:

Theorem 6.3 (Extension of [11, Theorem 1.3]). Suppose that C C LY, is non-empty. Let
C®={(Q,2) € B.() x LY, |VX €C: Eq[ZX]| <1}
and
C®:={X €Ll |V(Q,Z)eC® Eg[ZzX] <1}.

Then C°° is the smallest P-sensitive, convex, solid, and sequentially order closed subset of L2+
containing C. In particular, C°® = C°° where C°° is given in Theorem 6.1, and C = C°® if and only
if C is P-sensitive, convez, solid, and sequentially order closed.

Proof. This follows from C C C°® C C°° (since C° C C®), Corollary 3.6, and Theorems 4.9 and
6.1. O

Of course, also in the case of Theorem 6.3 we may prove a result corresponding to Corollary 6.2,
which we, however, leave to the reader. The advantage of the bipolar representation in Theorem 6.1
compared to Theorem 6.3 is that it implies a representation over finite measures:

Corollary 6.4. Suppose that C C Lg+ is non-empty. Let
Cot={XeLl |Vuecl: /Xdu <1}

where
Cop :={p€cacy |VX €C: /Xdug 1}.

Then C22 = C°° where C°° is given in Theorem 6.1. Furthermore, if C is P-sensitive and there is
a reduction set Q C sca.., then

€ =t = (X € LY, e Cis [ X< 1),

where

sca

Copo = {1 € scac+ | VX €C: /Xd,ug 1}.

., are convet, solid, and o(ca., L2°)-closed or o(sca., LS°)-closed, respectively. Here
solid means that p € C2, (resp. p € C2,) and v € cacq (resp. v € scacy) such that v(A) < u(A)

sca

for all A € F imply v € C2, (resp. v € C2

sca

Both C2, and Cg

Proof. Note that any (Q,Z) € C° from Theorem 6.1 can be identified with a measure u € ca,
given by u(A) = Eg[Z14], A € F. Hence, we may view C° as a subset of C2, and therefore

CccCy,ccee.

CSy is clearly convex and solid, and also sequentially order closed by the monotone convergence
theorem. 7P-sensitivity of CJ; was shown in Proposition 3.4. Hence, CS; = C°° follows from
Theorem 6.1.
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The assertion for the case that C is P-sensitive with reduction set @ C sca. follows similarly from
Corollary 6.2.

Convexity of C2, and Cg,, is easily verified. Regarding solidness, note that if v, € ca.y are

such that v(A) < u(A) for all A € F, then [Xdv < [Xdp for all X € L2 . We proceed to
prove o(cac, L°)-closedness of C2,: Consider a net (fo)acr C C, such that po — p with respect
to o(cac, L). Then for all X € C and all n € N we have [(X An)du, < [Xdu, < 1 by
monotonicity of the integral. Moreover,

/(X/\n)du = ligl/(X/\n)dua <1

since (X An) € L. As necessarily u € ca.4, the monotone convergence theorem now implies
J Xdp < 1. Hence, p € C2,. The same argument shows o(sca., L2°)-closedness of C2 O

Finally, we give the following standard result on Cg, which will be needed in Section 7.7.

Lemma 6.5. Let M C ca.4 be non-empty and define
C:={XelLl |VueM: /Xdugl}.

Then CS, is the smallest solid convex o(cac, L°)-closed subset of cacq containing M.
The same assertion holds if ca is replaced by sca.
Proof. Clearly, M C Cg,. Suppose there is another solid convex o(ca., L°)-closed subset D of ca.+

such that M C D G Cg,. Let pu € C3, \ D. Then by an appropriate version of the Hahn-Banach
separation theorem there is X € Lg° such that

Sup/XdV =:0< /Xd,u.

veD
Note that
[ = sup /X+du

veD

where X+ = max{X,0}. Indeed, let A :={X > 0}. By solidness of D, for all v € D we also have
vg € D where vy is given by va(-) = v(-NA) (va =0 in case v(A) = 0). Clearly,

/X+dV:/XdVA Z/Xdu.

Since [ Xdp < [ XTdu, we may from now on assume that X € L2,. If 8 = 0, then tX € C
for all ¢ > 0. However, there is ¢ > 0 such that [tXdp > 1, so tX & C22. But this contradicts
C = C2 (Theorem 6.1 and Corollary 6.4). Similarly, if 5 > 0, then % € C, but % ¢ Co2 which
again contradicts C = CZ7. Hence, 1 cannot exist. O

7 Applications
In Sections 7.1-7.3 we show how the bipolar theorems of [22, 28, 6] are special cases of our results in

Section 6. For the corresponding applications of those bipolar theorems we refer to the respective
articles [22, 28, 6].
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7.1 A Bipolar Theorem given in [22]
Our results imply the following bipolar theorem given in [22]:

Corollary 7.1 ([22, Theorem 14]). Assume that ca’ = L2°, i.e., the norm dual space of ca. can

be identified with L. Let C C LY, be non-empty, convez, order closed, and solid in LY, . Set

oo
ca,

:=span{upz | P€ P, Z € LY},

the linear space spanned by signed measures of type pp z(A) == Ep[Z14], A € F. Then we have
C=C":={XeLl |VuecC: /Xd,ug 1},

where

C*:={p€ca |VX €C: /Xd,ugl}.

Proof. The condition ca = LS° implies that P is of class (S) ([28, Lemma 5.15]) and that sca. = ca.
(see [4, Theorem 4.60]). Therefore, in particular, ca®® C sca.. As cal® is separating the points of
L, Corollary 5.11 implies that C is P-sensitive with reduction set Q C cag . The polar C4 given
in Corollary 6.2 may be viewed as a subset of C*. Using Theorem 6.1 and Corollary 6.2 it follows
that

cccrcceg, =cC.

7.2 Another Bipolar Theorem provided in [28]

Our results also imply the following robust bipolar theorem which can be found in [28]:

Theorem 7.2 ([28, Theorem 4.2]). Suppose that P is of class (S). Then for all convex and solid sets
0#£CcC L2+, order closedness of C is equivalent to C = C2S, where CSo, is given in Corollary 6.4.

sca sca

Proof. According to Corollary 5.11 the set C is P-sensitive with reduction set Q C B.(2) N scac.
Apply Corollary 6.4. O

7.3 Yet another Bipolar Theorem given in [6]

Consider the case P = (dy)weq, so that < coincides with the pointwise order and LB = L9 and
ca. = ca. In [6] the following pointwise bipolar theorem is proved:

Theorem 7.3 ([6, Theorem 1]). Let C be a non-empty solid reqular subset of LS. Then C = C22
(where C32 is given in Corollary 6.4) if and only if C is convex and closed under lim inf.

In [6], C is called regular if

Vi € cay: sup /hdu: sup /hdu (10)
heCnUy, hecnCy,

where Cy and U, denote the spaces of bounded functions f € £° which are in addition continuous
or upper semi-continuous, respectively. Involving continuity properties of course requires that 2
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carries a topology, and in fact [6] assume that Q be a o-compact metric space, and F is the
corresponding Borel g-algebra. C is said to be closed under lim inf whenever lim inf,, ., h,, € C for
any sequence (hp)neny C C. One verifies that for solid sets being closed under liminf is equivalent
to sequential order closedness. In view of Theorem 6.1 and Corollary 6.4 we observe that the rather
technical assumption of regularity (10) simply implies P-sensitivity of C. The opposite is generally
not true, as the following example shows.

Example 7.4. Suppose that Q = [0,1]. Let

Note that C is P-sensitive (see Example 5.2 (5)), convex, solid, and sequentially order closed.
However, C is not regular, because x — 1 1] is upper semi-continuous and for p = § 1 we have

sup /Xdu:1>0: sup /Xdu.
XecnU, XecnC,

7.4 Superhedging and Martingale Measures

Recall Example 5.5 and the set of superhedgeable claims at cost less than 1
C={XeLll |3HeH: X <1+ (H S)r}. (11)

Clearly, C is non-empty, convex, and solid. Suppose that C is also P-sensitive, see Example 5.5,
and sequentially order closed. Then, according to Corollary 6.4, C = C2o. Recall that under
some conditions on S and H the set Co, NP.(?) is well-known to be closely related to the set of
(local) martingale measures for S (see e.g. [25] for the dominated case): For illustration, suppose for
simplicity that S is a bounded one-dimensional continuous time process, adapted to an appropriate
filtration (Ft)i>0, and that H is appropriate such that the process (H - .S) is well-defined and
coincides with the stochastic integral of H with respect to S whenever S is a semimartingale under
Q € PB.(Q). Note that any Q € C2, NP.(£2) satisfies

EgQ[(H - S)r) <0 for all H € H such that —1 < (H - S)r. (12)

Suppose that # is rich enough in the sense that all processes HZ''(s,w) := ala(w)l 7(s) where
A€ F,a>0,and t € [0,T] are elements of H. We have (H24 - S)r = ala(Sr — S¢). By
boundedness of S we find a > 0 such that

1< (HA - S)p = ala(Sr— S) < 1.

From (12) it follows that Eg[14(St — S¢)] = 0 and hence the martingale property of S under Q.
Conversely, for any martingale measure Q € PB.(€2) for S, the stochastic integrals (H - S) are
local martingales under @ and the lower bound —1 < (H - S)r implies that (H - .S) is in fact a
supermartingale. Hence,

Eql[(H - S)r]) < (H-S)o=0.

Thus for any X € C it follows that

Eg[X] <14+ Eg[(H-S)r] <1,

25



s0 Q € C2, N*P(Q).

A unifying study of robust fundamental theorems of asset pricing such as discussed in [1, 9, 10,
12, 14, 15, 16, 32, 33] as well as a dual characterisation of the set of (local) martingale measures is
work in progress.

7.5 Robust Utility Maximization

In [8] a duality theory for robust utility maximization is developed which may be seen as a robust
analogue to the seminal study [25]. At the core of [8] is the assumption, which is verified in case
of simultaneous drift and volatility uncertainty [8, Section 3], that the following bipolar relation
holds: To this end, let C C LY  be non-empty and set

D:={Q e P(Q) | VX €C: EolX] < 1}.

Assuming that (Q,F) is polish and denoting by C3(€2) the set of bounded continuous functions
over (, in [8] it is required that

D ={Q € P(Q) | VX € Co(Q) NC: Eg[X] < 1}

and
CNGCy(Q) ={X € L2, NC,(Q) |VQ € D: Eg[X] < 1}.

The authors then rely on the dual pairing (Cy(€2),B(£2)). In view of the very small set of dual
elements P(N), it is clear that the required bipolar relation can only be satisfied for very particular
sets C, and indeed the sets of interest are of the form (11). As part of the ongoing studies we already
mentioned before, we aim at more closely adopting the considerations made in [25] and develop a
dual theory for robust utility maximization based on C given in (11) and CZ,.

7.6 Acceptability Criteria for Random Costs/Losses

Identify L2  with random costs/losses. Consider a non-empty set C C LY . of acceptable random
costs. Assuming that C is solid means that if some costs are acceptable then less costs are too.
Convexity means that cost diversification is not penalised, and sequential order closedness implies
that for an order convergent increasing sequence of acceptable losses the limit remains acceptable.
Finally, P-sensitivity can be seen as the requirement that acceptability of costs is determined by
acceptability under each probability measure @@ € Q where Q@ C P.(Q) is a test set/reduction
set of C. Equivalently P-sensitivity means that aggregated acceptable losses remain acceptable,
see Proposition 5.4. Under those conditions Corollary 6.2 provides a dual characterisation of
acceptability
XelC & sup Eg[ZX] <1
(Q,Z)eCh

where the Z are test functions associated to some test probability Q € Q.

7.7 A Mass Transport Type Duality

This application is inspired by [6] and a straightforward generalisation of [6, Section 4]. Consider
two measurable spaces (21, F1) and (Qy, F2). Let Q := Q) x Qp and F := F; ® Fy denote the
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product space. Consider probability measures Py on (21, F;) and Py on (9, F3) and the set of
probability measures P on (€2, F) consisting of all P € PB(2) with marginals P(- x Q3) = P; and
P(Q x ) = Po. Any f € £9(2), which serves as a goal function, gives rise to the optimal mass
transport (or Monge-Kantorovich) problem

/fdP — max subject to P € P.

In fact, as we have been practising so far, we may identify f with the equivalence class X = [f].
generated by f in LY(£2) and write

/XdP — max subject to P e P (13)

where ¢(A) = suppcp P(A), A € F, is the upper probability corresponding to P on the product
space (2, F), and L2(€) is the space of equivalence classes of P-q.s. equal random variables on
(Q,F).

A robustification of this problem is obtained by replacing the marginals P, and P, with sets of
marginals P; C PB(Qy) and Py C P(Q2). We thus obtain the upper probabilities

a(4) = Psug P(A), Ae Fi, and c3(A) = Psug P(A), A€ Fa,
€P1 €P2

and the corresponding spaces LY (Q;) and L2, (Q2) of P;-q.s. equivalence classes of random variables
Q; = R, i = 1,2, respectively. For X; € LY (Q;) and X, € L2 (Q2) we write X1 & X € L2(Q) for
the P-q.s. equivalence class given by f1 @ fa(w) := f1(w1) + fo(w2), w = (w1, ws) € Q1 X Qg where
f1 € X1 and fs € X5. Note that the latter is well-defined.

Unfortunately, before we can state our duality result, we have to relax the mass transport problem
as follows: Let M; C cac,+(§2;) be a set such that M; = C; cq for some non-empty, convex, solid,

P;-sensitive, and sequentially order closed sets C; C Lgi (€;), i=1,2. Then we consider the problem

/Xdu — max subject to pe M (14)

where M C ca.4(Q) is the set of finite measures p on (£, F) such that the marginals satisfy
(- x Qz) € My and p(1 x ) € My. The dual problem to (14) is given by

sup /deul + sup /ngug — min subject to (X1, X5) € Uy (15)
n1 €My po2EMa

where
Ux o= {(X1,X2) € L (1) x L2 | () | X < X1 & X}

C:

Suppose that the problem (14) is non-trivial in the sense that SUP e M J Xdp > 0. Further suppose
that (14) is well-posed in the sense that sup,,¢ 1 J Xdp < co. Then, after a suitable normalisation,
we may assume that sup,,c J Xdp = 1. Hence, X is an element of the following set

D:={Y €L’ | sup /Yd,ug 1}.
pneM
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Consider the set

C.={ye Lg+ | (Y1,Ys) € Uy : sup /Yldm + sup /Ygd,ug <1}
pn1E€EM;y p2EMo

If we are able to show that C = D, then there is (X7, X2) € Ux such that

sup /deulJr sup /ng,ug > sup /Xd,u: 1.
H1€M1 2 EMa HEM

In other words, the dual problem (15) admits a solution (X7, X5) and there is no duality gap, i.e.,

min sup Xidp + sup /ng,ug = sup /Xd,u.
(X1,X2)€E¥X pye M, p2€EMo neM

Theorem 7.5. C =D if and only if C is P-sensitive and sequentially order closed.
Before we prove Theorem 7.5 consider the following auxiliary lemma.
Lemma 7.6. Let u € ca.(Q) and denote by p1(-) = u(- X Q) € cac,+(Q1) and pa() = p(Qy x-) €

Cacy+(S2) the corresponding marginal distributions. Then

sup/Xdu— max sup /Xl-d,ui.
Xec i€{1,2} x;ec;

Consequently,

Co,={p€cacy(Q) | i € My,i € {1,2}} = M.
Proof. Consider X € C and let (X7, X3) € ¥x such that

sup /deul + sup /X2dV2 <1.
viEM, Vo EMo

Suppose that sup,, ¢y, [ Xidy; >0, i = 1,2, then

/Xdu < /Xl @ Xodu = /deﬂl +/X2du2
Xo

= sup deyl/—d 1+ sup /ngl/g/—d 2
uleMl/ sup fxldl/l K vaEMo sup szdV2 a
v EM; voEMo

sup /deul sup /Yld,ul + sup /ngl/g sup /Ygdug
v1EM Yie€C Vo EMo Y>€Co

max su Yidu;
*ze{lz}yéc)/ .

IN

where we used that

X )
W €Cioa=0Ci,i=1,2, (Theorem 6.1 and Corollary 6.4)
v;EM;
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for the second inequality. If sup,, ca4, [ Xidv; = 0, then X; € C; and additionally, for all
t > 0, X;/t € C;. Without loss of generality assume now that sup, ¢, J X1dvy = 0. Then
SUp,, e nq, | Xodve <1 and therefore Xy € Co. Thus, for all ¢ > 0

1
/Xdﬂﬁ /X169X2dM=/X1dﬂ1+/X2d#2:t/gX1dﬂ1+/X2dM2

<t sup /Yld,ul + sup /de,uz
Y1€Cy Y2€Co

< (1+t) max su /Yd i
( 16{12}Y€IC) pi

Letting ¢ — 0 shows that indeed [ Xdu < max;c1 2y supy, e, [ Yidp;. Hence,

sup/Xdu< max sup /Xidui.
Xec ie{1,2} x;ec;

In order to show the reverse inequality, for X; € C; let X := X; ©0 € C and for Xy € Cy let
X =08 X, €C. Then

/depl = [ Xdp < sup/Ydﬂ and /ng/ig = Xd,u < sup/Yd,u.
Yec Yec

It follows that

max  sup /Xidm < sup/Xd,u.
ie{l,2} x;ec; Xxec

Finally,
Coo = {n€cact()|VX eC: /Xdu <1}
= {p€cac+(Q) | sup /Xd,u <1}
XecC

= {p€cact ()| max sup /Xz‘dui <1}
ie{1,2} x,ec;

{u€cacy () | ps € CF st € {1,2}} = M.

Corollary 7.7. C2, = M =Dg,.

Proof. This follows from Lemma 6.5, the definition of D, and the the fact that C2, is solid, convex,
and o(ca., L°)-closed by Corollary 6.4. O

Proof of Theorem 7.5. As D is P-sensitive and sequentially order closed, see Corollary 3.6 and
Theorem 4.9, necessity follows.

Now suppose that C is P-sensitive and sequentially order closed. It is clear that C is also non-
empty, convex, and solid. D is non-empty, convex, solid, P-sensitive, and sequentially order closed
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by definition (see also Proposition 3.4). Hence, by Theorem 6.1 and Corollaries 6.4 and 7.7 we

have
C=Cy={X€eL(Q)|VueC,: /Xdu <1}y =D =D.
O
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