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1. Overview

@ Idea: Capital requirements for financial firms to control the
risk to the outside economy
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1. Overview

@ Idea: Capital requirements for financial firms to control the
risk to the outside economy

@ Model the financial system via a network of obligations

@ Introduce (random) stresses into the system and find
payment structure

@ System is “acceptable” as measure of net payments to the
outside economy (1 dimensional), but capital requirements
separated by institution
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2. Financial networks
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Figure: Independent financial firms
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2. Financial networks
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Figure: Network with single systemically important firm
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2. Financial networks

Figure: Network with no clear systemically important firm
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2. Financial networks

I

=5/

Figure: Network with node for “real” economy
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3. Systemic risk measures

o n financial firms
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3. Systemic risk measures

@ n financial firms

@ Equity and loss (E&L) function: e : R — R™* U {—o0}

@ Pre-image: Vector of bank endowments before network
effects

@ Image: Vector of bank equity after network effects
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3. Systemic risk measures

©

©

©

©

©

n financial firms
Equity and loss (E&L) function: e : R} — R" ™ U {—o0}

Pre-image: Vector of bank endowments before network
effects

Image: Vector of bank equity after network effects

ep is the equity value of the outside economy from the
financial system
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. Systemic risk measures

@ n financial firms
@ Equity and loss (E&L) function: e : R — R™* U {—o0}

@ Pre-image: Vector of bank endowments before network
effects

@ Image: Vector of bank equity after network effects

@ ¢ is the equity value of the outside economy from the
financial system

@ Assume:
@ e is nondecreasing
— n
o e(y) = —oo for all y ¢ R%
@ ¢g is bounded from above
o eg(y) >0 for all y € R7
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3. Systemic risk measures

Systemic Risk Measures

Ry L°R") - P(R;RY)={DCR"|D=D+R%}isa
systemzc risk measure if for some acceptance set .A C L*(R)
of a scalar risk measure:

R(X) = {k € R™ | eg(k + X) € A}.
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3. Systemic risk measures

Systemic Risk Measures

Ry L°R") - P(R;RY)={DCR"|D=D+R%}isa
systemzc risk measure if for some acceptance set .A C L*(R)
of a scalar risk measure:

R(X) = {k € R™ | eg(k + X) € A}.

Equivalently:

RYV(X)={k €R" | k+ X € A%}
A = ey ' [A] == {Y € L(RY) | eg(Y) € A}
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3. Systemic risk measures

Assume: e is concave and continuous
A is convex, closed, and law-invariant
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3. Systemic risk measures

Assume: e is concave and continuous
A is convex, closed, and law-invariant
Properties: Let X,Y € L(R"), k € R", and « € [0, 1]

o Translative: R (X + k) = RY*(X) — k
@ Monotone: R%*(X) D RY°(Y)if X >Y as.
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3. Systemic risk measures

Assume: e is concave and continuous
A is convex, closed, and law-invariant
Properties: Let X,Y € L(R"), k € R", and « € [0, 1]

o Translative: R (X + k) = RY*(X) — k
@ Monotone: R%*(X) D R (Y)if X > Y as.
o Quasi-conver: R}/ (aX + (1 —a)Y) 2D R} (X)NRY*(Y)
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3. Systemic risk measures

Assume: e is concave and continuous
A is convex, closed, and law-invariant
Properties: Let X,Y € L(R"), k € R", and « € [0, 1]

Translative: R%*(X + k) = RY*(X) — k

Monotone: R%*(X) 2 R}°(Y)if X > Y as.
Quasi-conver: R}°(aX + (1 —a)Y) 2D R} (X)NRY*(Y)
Closed-valued: R}°(X) is closed
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3. Systemic risk measures

Assume: e is concave and continuous
A is convex, closed, and law-invariant
Properties: Let X,Y € LY(R"), k € R", and a € [0, 1]
o Translative: R (X + k) = RY*(X) — k
@ Monotone: R%*(X) D R (Y)if X > Y as.
o Quasi-conver: R}/ (aX + (1 —a)Y) 2D R} (X)NRY*(Y)
o Closed-valued: R}/°(X) is closed

o Law-invariant: R%}°(X) = R}°(Y) if X Ly
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3.1 Systemic risk measures:

Fisenberg-Noe network model
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3.1 Systemic risk measures:
Fisenberg-Noe network model
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3.1 Systemic risk measures:

Fisenberg-Noe network model

@ n financial firms + outside economy:
o Firm ¢ has endowment z;
@ Liability of firm ¢ to j is given by p;; > 0

o Liability of firm ¢ to outside economy is given by b; > 0
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3.1 Systemic risk measures:

Fisenberg-Noe network model

@ n financial firms + outside economy:

o Firm ¢ has endowment z;

@ Liability of firm ¢ to j is given by p;; > 0

o Liability of firm ¢ to outside economy is given by b; > 0
o Total liabilities for firm ¢ given by p; = b; + > i Dij

@ Relative liabilities for firm i to j is given by a;; = %
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3.1 Systemic risk measures:

Fisenberg-Noe network model

@ Realized clearing payment given endowments x is provided
by the fixed point problem:

n
pi(x) =pi A [ D ajipi(x) +
=1
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3.1 Systemic risk measures:

Fisenberg-Noe network model

@ Realized clearing payment given endowments x is provided
by the fixed point problem:

@ Realized sum of debt and equity minus promised payments
n
ei(r) == x; + Zaﬁ -pj(x) — P
j=1

is the value of firm 4 (if positive) or losses from default (if
negative)
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3.1 Systemic risk measures:

Fisenberg-Noe network model

@ Net payment to outside economy given by:
b
co(z) =Y — - pi(x)

. Pi

o E&L function e is concave, nondecreasing, and Lipschitz
continuous
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3.1 Systemic risk measures:

Fisenberg-Noe network model

@ Net payment to outside economy given by:

co(z) =) b - pi()

. Pi

o E&L function e is concave, nondecreasing, and Lipschitz
continuous

@ ¢ is concave, nondecreasing, and Lipschitz continuous
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4. Computation

@ To compute: approximate expectations by Monte Carlo
simulation

@ Approximate via smart grid search for boundary of set

@ Idea: draw a grid over area of interest (e.g. box around
C(X)), and find the grid points in the set

@ Possible improvement with parallel computing
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4. Computation

Sample Acceptance Sets:

e Average value at risk: for A € (0,1)

A ={Z e L>®)| it E[(r-2)*] - ) <0}
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4. Computation

Sample Acceptance Sets:

e Average value at risk: for A € (0,1)

A ={Z e L>®)| it E[(r-2)*] - ) <0}

o Utility-based shortfall risk: for convex loss function
f:R — R and threshold z € R

A = (Z € L®(R) |E[U(-2)] < 2}
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4. Computation

Sample Acceptance Sets:

e Average value at risk: for A € (0,1)

A ={Z e L>®)| it E[(r-2)*] - ) <0}

o Utility-based shortfall risk: for convex loss function
f:R — R and threshold z € R

A = (Z € L®(R) |E[U(-2)] < 2}

o Optimized certainty equivalents: for concave utility
u:R—-RU{—o0}

A ={Z € L*(R) | Suﬁ(n +E[u(Z —n))) =0}
ne
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4. Computation

2
° ° ° ° ° ° °

1
° ° ° ° ° ° °

0
° ° ° ° ° ° °

-1
° ° ° ° ° ° °

-2
° ° ° ° ° ° °

-3 -2 -1 0 1 2 3

Figure: Grid search
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4. Computation
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4. Computation
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4. Computation
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4. Computation

3 2 *1 *0 1 2 3
Figure: Grid search
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4. Computation
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4. Computation
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4. Computation

2

3 2 *1 *0 1 2 3
Figure: Grid search
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4. Computation

Figure: Centrally connected Figure: Completely connected
network network
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4. Computation
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Figure: Centrally connected (x2) vs. completely connected
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4. Computation
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Figure: Centrally connected vs. completely connected
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4. Computation
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Figure: Centrally connected vs. completely connected
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4. Computation

161

14F

12F

0.8

0.6

0.4r

Figure: Centrally connected: independent vs. comonotonic
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5. Orthant risk measures

@ Systemic risk measure R°Y*(X) provides the set of all
capital allocations k£ making k£ + X acceptable
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5. Orthant risk measures

@ Systemic risk measure R°Y*(X) provides the set of all
capital allocations k£ making k£ + X acceptable

@ In practice, want allocation k* to be a minimizer of the set
E* € Min R°(X) :={k e R" : (k —R}) N R}*(X) = {k}}

@ Capital requirements for each firm k; > k7
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5. Orthant risk measures

@ Systemic risk measure R°Y*(X) provides the set of all
capital allocations k£ making k£ + X acceptable

@ In practice, want allocation k* to be a minimizer of the set
E* € Min R°(X) :={k e R" : (k —R}) N R}*(X) = {k}}

@ Capital requirements for each firm k; > k7, i.e. capital
requirements are £* + R’}
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5. Orthant risk measures

Orthant risk measure

K7 - L%(R™) — R™ is an orthant risk measure associated
Wlth the systemic risk measure R%* if for all X,Y € LO(R"),
k € R", and a € [0,1]

o Minimal valued: k}°(X) € Min R%*(X)

o Translative: kKY°(X + k) =k} (X) — k

o Monotone: K%}°(X)+RT 5 kK (Y)if X >V as.

o Quasi-conver:

K (X +(1-a)Y)+RY 3K7°(X)V ksys( )
Law-inwariant: kK77°(X) =k5°(Y) if X dy

©
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5. Orthant risk measures

e Fix w € int((, recc (RY*(Z ))+) (typically w € R )

KV (X) = argmln{Zwl ki | ke R (X )}

=1

defines a orthant risk measure
@ Options:
e w=(1,...,1): minimize system-wide addition of capital
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5. Orthant risk measures

e Fix w € int((, recc (RY*(Z ))+) (typically w € R )

k**(X) = argmin {Z w; - ki | ke RY* (X )}
i=1
defines a orthant risk measure
@ Options:

e w=(1,...,1): minimize system-wide addition of capital
e w; = 1/p;: minimize total capital weighted by obligation
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5. Orthant risk measures

e Fix w € int((, recc (RY*(Z ))+) (typically w € R )

KV (X) = argmln{Zwl ki | ke R (X )}

=1

defines a orthant risk measure
@ Options:
e w=(1,...,1): minimize system-wide addition of capital
e w; = 1/p;: minimize total capital weighted by obligation
@ wW; = max(l/AV@R0'5%(Xi + Zj;éipj “ Qg — ﬁl), 6)1
minimize total capital weighted by individual risk
(neglecting counterparty risk)
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Thank you

[@ Zachary Feinstein, Birgit Rudloff, and Stefan Weber.
Measures of systemic risk.
Preprint, 2014.
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